Abstract
Introduction

26
Computer simulations of earthquake rupture propagation and event sequences are now widely 27 used to understand controls on rupture behavior, ground motion, and how interactions be- paper is to develop the scheme for friction laws, which are interface conditions with nonlinear 90 dependence on the slip velocity, history of sliding, and tractions acting on the fault.
91
In the rest of this paper, we first describe the governing equations for the continuous prob- ordinates. We derive the energy balance for friction laws, encapsulated in the rate-and-state 98 framework, in prestressed elastic solids. We end this section by discussing and prescribing 99 necessary and sufficient conditions required for the well-posedness of state evolution laws. 
Cartesian Coordinates
101
Consider the antiplane shear problem with the displacement field u = (0, 0, u) and ∂u/∂z ≡ 0, where ρ, µ are the density and shear modulus. Let the spatial domain consist of two elastic blocks Ω = Ω − ∪ Ω + separated by a fault at x = x (y), that is Ω − = (−∞, x] × (−∞, ∞) and Ω + = [ x, ∞) × (−∞, ∞) .
(
The fault is defined by the arbitrarily oriented smooth curve x = x (y) separating the two 102 elastic media. If the fault is planar then we consider x = x 0 , where x 0 is a real constant.
103
Fields and material properties on the positive side of the fault, x > x, are denoted with a 104 superscript +, (u + , µ + , ρ + ), and on the negative side of the fault, x < x, denoted with −,
105
(u − , µ − , ρ − ). The shear wave speed is c ± = µ ± /ρ ± .
106
We consider linear elastic deformations about an equilibrium, prestressed reference con- With the direction of slip parallel to the z-axis, the momentum balance equation in each half-space is ρ ∂ 2 u ∂t 2 = ∂σ xz ∂x + ∂σ yz ∂y ,
with Hooke's law 
The above equations are combined to obtain the scalar wave equation with a time invariant source term, 
Curvilinear Coordinates and Transformation
112
For nonplanar fault geometries it is necessary to transform the equation of motion (4) to a 113 coordinate system [q, r] ∈ [0, 1] 2 so that numerical treatments can be performed efficiently.
114
We define the transformation by (x(q, r), y(q, r)) ↔ (q(x, y), r(x, y)), such that the new 115 coordinates form a regular Cartesian grid. We choose our coordinate transformations such 116 that the fault is located at q = 0. See Figure 1 for a schematic description.
117
The transformed equation of motion is where
The Jacobian of the transformation is J = x q y r − x r y q > 0, and the metric relations are Jq x = y r , Jq y = −x r , Jr x = −y q , Jr y = x q .
Here, the subscripts denote partial metric derivatives, that is x q = ∂x/∂q, q x = ∂q/∂x, etc. The transformed variable material properties are
Since the fault is at q = 0, the normal vector to the fault, pointing into the positive block Ω + , is
and the resolved background shear traction and traction change on the fault take the form
Thus, we have
We will now formulate the frictional interface conditions coupling the two elastic solids on 118 the fault. 
Energy Balance with Friction
120
The interface conditions are force balance and the friction law
with f (0, ψ) = 0 and ∂f (V, ψ)/∂V > 0. Here, σ 0 > 0 is the compressive normal stress, T 0 is the initial shear traction resolved on the fault, f (|V |, ψ) is the friction coefficient, V is the slip rate, and ψ is the state variable. Note that when fault is locked, then V = 0 and
Throughout this study, we consider formulations in which the state variable ψ is nondimensional and is governed by the generic state evolution equation
Note that (13) is an ordinary differential equation (ODE) for state ψ. In general f (|V |, ψ)
121
and g(|V |, ψ) are empirical expressions obtained from laboratory experiments (Dieterich, 122 1979; Rice and Ruina, 1983; Ruina, 1983) . The friction law is constructed such that energy 123 is dissipated on the fault.
124
To be precise, let the transformed strain energy matrix P be denoted by
Since µ is real and positive, it follows from (14) that P is symmetric positive definite, with 
Now, introduce the kinetic energy density
and the strain energy density
where U 0 is an arbitrary reference energy and the next two terms represent the work, per 1974; Rudnicki and Freund, 1981) .
128
It is desirable for the analysis to follow that U , or at least the portion of U for which dU/dt = 0, be of quadratic form. To this end, we make the specific choice of 
The elastic energy is defined by
Theorem 1 Consider the wave equation (6) with the interface condition (11). Let E + denote the elastic energy of the positive block Ω + and E − denote the elastic energy of the negative block Ω − . The sum of the elastic energies satisfies
where we have utilized the fact that ∂U 0 /∂t ≡ 0 and F ± (q, r) ≡ 0. Noting that J q 2 x + q 2 y q=0 dr 129 is the arclength along the fault, the above energy balance states that energy in the solid is 130 dissipated during frictional sliding on the fault.
131
If the fault is locked, V = 0, then the right-hand side of the energy rate in (20) vanishes: 
Admissible State Evolution Laws
141
Natural earthquakes arise from frictional instabilities during sliding along fault surfaces.
142
Therefore, state evolution equations modeling an earthquake must allow for physically un-143 stable solutions. However, in order for the model to be useful it must be well-posed.
144
In (20), if f (|V |, ψ) ≥ 0 then the slip rate V is bounded for all ψ. Consider now the state
then L = max ξ |∂g(|V |, ξ)/∂ξ| is a Lipschitz constant.
148
We will now state a fundamental result which can be found in standard textbooks on ordinary differential equations, see for instance Birkhoff and Rota (1989) 
where the friction parameters a and V 0 are real and positive. These parameters will be 
2. Slip law:
where f ss (V ) is an arbitrary steady state friction coefficient. Some commonly used forms of the steady state friction coefficient are the standard expression (e.g. Rice et al., 2001 )
and the strongly rate-weakening friction law (Dunham et al., 2011)
Here, a is the direct effect parameter, b is evolution effect parameter, V 0 is the reference slip 160 velocity, D c is the state-evolution distance, f 0 is the steady state friction coefficient at V 0 ,
161
V w is the weakening slip rate, f w is the fully weakened friction coefficient, and n > 0 is a 162 positive real number.
163
For the strongly rate-weakening friction law, we have f ss ≈ f LV if |V | V w and f ss ≈ f w 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 smooth transition, we choose n = 8. This is necessary for ensuring accurate numerical 169 treatments.
170
The state evolution laws (22)-(23) are differentiable with Aging law:
Slip law:
for all ψ. We remark that the aging law and the slip law are differentiable, and hence satisfy the admissible conditions for state evolution laws. Note also that a steady state solution ψ ss ,
172
satisfying g (|V |, ψ ss ) = 0, is a local attractor in the context of dynamical systems (Birkhoff 173 and Rota, 1989). This implies that any sufficiently small perturbation ψ(t) = ψ ss + δψ(t)
174
around the steady state ψ ss , will asymptotically converge to the steady state, δψ(t) → 0 and 175 ψ(t) → ψ ss , as t → ∞.
176
3 Semi-Discrete Approximations and Analysis
177
Next, we discretize the continuous problem in space. To begin, consider the discretization of the unit interval r ∈ [0, 1] into N r grid points with a uniform spatial step h > 0
Introduce the one-dimensional finite difference operators D r ≈ ∂/∂r and D
rr ≈ ∂/∂r B∂/∂r , the finite difference approximations of the first and second derivatives in the unit interval (28). We will use fully compatible SBP finite operators (Duru and Virta, 2014) to approximate all spatial derivatives. Therefore, the finite difference operators D r , D ( B) rr satisfy the following properties:
Here, the matrices E R = diag (0, 0, . . . , 0, 1) and E L = diag (−1, 0, . . . , 0, 0) pick out the 178 right and left boundary terms. The matrix Q is almost skew-symmetric and H is diagonal
= γ j h, γ j > 0 where h > 0 is the uniform spatial step defined in (28).
180
In equation (31) We discretize the transformed equation of motion (6) using the SBP operators, defined in (29)- (30), and impose the boundary conditions using penalties. To begin, discretize the unit square with the uniform spatial steps
The two-dimensional semi-discrete solution is stacked, row-wise, as a vector of length N q N r . The 2D spatial operators can be written in a more compact form using the Kronecker products such that
The matrices A, B, C, denoting the transformed coefficients, are diagonal(8). Using these operators and introducing |q| = q 2 x + q 2 y , the semi-discrete approximation of the equation of motion (6) with weak enforcement of the fault/interface condition (11) is
defined at every grid point on the fault. Here,
and
The nonlinear friction law appears in the semi-discrete approximation (32) as nonlinear 190 source terms on the fault.
191
We have explicitly appended the approximated time invariant source term, F, to the semi-discrete problem (32 in a general mesh, the source term F is proportional to the truncation error, and will only 196 vanish in the limit of mesh refinement, if the numerical approximation is consistent.
197
It is also possible to omit the source term F in (32). This will not affect accuracy, since
198
F is independent of the solution, but depends on the truncation error of finite difference 199 operators, and it vanishes in the limit of mesh refinement. However, as we will see below,
200
the omission of the source term F in (32) will have a slight impact on the stability of the 201 semi-discrete approximation (32). We will now establish the stability of the semi-discrete approximation (32). To begin, introduce
Note that A = A T and
The matrix A is symmetric and positive definite. Introduce the semi-discrete kinetic and strain energies
where
Note that
Define the semi-discrete quantity
where the first term on the right-hand side approximates the kinetic energy and the second 204 term approximates the strain energy. The semi-discrete quantity E (t) defined in (39) is 205 strictly positive, thus defining a semi-discrete energy.
206
We have
207
Theorem 3 Consider the semi-discrete approximation (32). The sum of the semi-discrete energies on both sides of the fault satisfies
The semi-discrete energy estimate (40) is analogous to the continuous estimate (20) in Theo-
for all t ≥ 0. However, for physically realistic models (Rice, 1983 ; Scholz, 1998) the deriva- 
216
Remark 1 If we had omitted the vanishing source term F in (32), we would have the energy equation
12
Page 24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 The scheme is accurate and stable, but, there is a linear growth in energy. However, the 217 growing term is proportional to the truncation error and will vanish in the limit of mesh Here, we present the fully discrete numerical approximation. We will begin by discretizing 221 the time variable t ≥ 0, then approximate the time derivatives in (32) by second-order-222 accurate finite differences. We will formulate an iterative procedure for solving the nonlinear 223 frictional algebraic problem on the fault. We conclude this section by proving stability of 224 the fully discrete approximation. 
Time Discretization
226
Discretize the time variable t with a uniform time step, t n = n∆t, with n = 0, 1, . . .. To derive an efficient and stable fully discrete numerical approximation we replace the time derivatives in (32) with second-order-accurate centered finite difference approximations, yielding
We will evolve (33) in time with time-stepping schemes, such that the evolution of the state variable will not limit further the explicit time-step. The semi-discrete state evolution equation (33) is discretized in time using the implicit leap-frog scheme, we have
Nonlinear Solver
227
On the fault, the slip rate (44) and the state variable evolution equation (45) are discretized implicitly. Therefore, we must solve a nonlinear algebraic problem for slip velocity and the state variable. To formulate the nonlinear algebraic problem we consider collocated grid points on the sides of the fault. The dynamics of the the displacement field is governed by 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 where
is evaluated on the fault. Note that the slip rate V n is unknown, and it depends on the 228 unknown displacement fields u − n+1 and u + n+1 .
229
First, we solve for the absolute slip rate |V n |. Combining (46) and (47) we have
Therefore we must have |V n | = 0 or
Considering |V n | > 0, we obtain the update equation (50) for the absolute slip rate when 230 fault is slipping.
231
It can be shown that with σ 0 ≥ 0, for all f (V, ψ) with f (0, ψ) = 0 and ∂f (V, ψ)/∂V > 0 232 the nonlinear algebraic problem (50) for the absolute slip rate |V n | has a unique solution.
233
At each time step, the solution for the absolute slip rate is in the closed interval [0, |Φ n |].
234
In particular, |Φ n | defined in (49), approximates the frictionless, σ 0 f (|V n |, ψ n ) = 0, slip rate 235 which is damped when friction is present, σ 0 f (|V n |, ψ n ) > 0. Note also that if the fault is 236 locked then the slip rate vanishes identically, |V n | = 0.
237
We solve (50) for |V n | using a bounded nonlinear root-finding algorithm such as the 238 Regula-Falsi method. Consequently, we update the displacements using (47) and (46). Then,
239
we compute the state variable ψ n+1 from (45) using a nonlinear rootfinding algorithm, such as is guaranteed to converge.
244
We will explain this procedure more clearly. We first solve the nonlinear algebraic problem (48) for the absolute velocity |V n | ≥ 0. When fault is slipping, |V n | > 0, we compute
and update displacements on the fault using
When fault is locked, |V n | = 0, we take the limit
Note that (53), (54) satisfy
exactly, for all n. The algorithm to update displacements and the state variable on the fault 245 is summarized in Algorithm 1 below.
Algorithm 1 Update displacements and the state variable on the fault 1: loop: over the grid points on the fault surface 2: on each grid point solve for the slip rate |V n | from (50) using Regula-Falsi with the initial guess |V n | 0 = |V n−1 | 3: if |V n | > 0 then fault is slipping
4:
compute the coefficients α + , α −
5:
update displacements on the grid point using (52), (51)
update displacements on the grid point using (54), (53) 8: if friction law: rate-and-state then
9:
Solve for state from (45) using Newton-Raphson with the initial guess ψ 0 n+1 = ψ n .
246
Algorithm 1 can also be adapted for other frictions laws, such as the slip-weakening friction laws for which the friction coefficient is a function of slip, f = f (| u n |). In this case, the stick absolute slip rate is |V n | = 0, and the sliding absolute slip rate can be obtained from (50), having
without solving a nonlinear equation. The coefficients α ± used in (52), (51) for updating displacements are
Remark 2 For the slip-weakening friction law, the solution (55) might be negative, |V n | ≤ 0, 
255
To do this, we introduce the fully discrete inner product
and the discrete quantities
where A is defined in (36) and U 0 defined in (38). Now define x + q 2 y , c r 2 x + r 2 y is fulfilled, then the quantity E n defined in (59) is a fully discrete energy. The sum of the energies, E − n + E + n , satisfies
The fully discrete energy equation (60) completely mimics the energy equation (20) and the semi-discrete energy estimate (40). Clearly, the fully discrete energy is dissipated by friction,
. When the fault is locked, we have V nj = 0, thus the energy is 267 conserved. It is also of significant importance to note that Remark 1 is applicable to the 268 fully discrete approximation (42)-(43).
269
The stability of the approximation of the state evolution (45) is expected since the time discretization is second order accurate. However, the magnitude 299 of the errors generated by the fourth order accurate spatial approximation is much smaller 300 than the errors for second order accurate case. In addition, Figure 2c demonstrates that 301 the fourth order accurate scheme is more efficient, requiring less CPU time for a given error 302 tolerance.
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Transition in Rupture Style
304
Simulations of earthquakes produce two basic rupture modes, the self-healing slip pulse and 305 the expanding crack. In the self-healing slip pulse mode, only the portion of the fault at the 306 rupture front slips, and slip ceases behind the rupture front as the fault heals. In the expand- equations, using identical notation, can be found in Allison and Dunham (2017) .
347
We perform an example simulation using the model geometry and parameters shown in 348 Figure 4 and Table 2 , using a 500 km by 500 km domain to avoid reflections from the bound- 
359
For the quasi-dynamic problem, we use the boundary conditions
where ( shear modulus µ 32.4 GPa tectonic plate velocity V p 10 −9 m/s 
To ensure accuracy, it is necessary to resolve the critical length scale for unstable elastic sliding between elastic half-spaces with rate-and-state friction (e.g. Ruina, 1983; Rice, 1983; Rice et al., 2001 )
and the length scale of cohesive-zone size (Dieterich, 1992 ; Ampuero and Rubin, 2008)
For the parameters used here, (67) is the more stringent criteria, and we use a grid spacing 365 of L b /5 near the velocity-weakening region of the fault, with aggressive grid stretching away 366 from this region to accommodate the large domain.
367
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386
Future efforts could extend this approach to the 2D plane strain and 3D problems.
387
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